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Error vs. Refinements

Max(Error)
Max(Bound_Err)
Max(Int_Err)
Max(Tau)
Max(Tau_bnd)
Max(Tau_int)

Max(Error)

# Refinements
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Errors vs. Refinements

L1(Error)
L1(Bound_Err)
L1(Int_Err)
L1(Tau)
L1(Tau_bnd)
L1(Tau_int)

L1(Error)

# Refinements 
5

1e-07
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VS^ IOK~P djV K~n e R P X IO]NI X � VN^ I1KjP dMV K"pUPSnMI1T X I1]SI X ^ K V � I a dje[V R{z dMi P dwdMi I aOV f ^}V n e[d I ^ KjI1njn��UKMI@yUI X T � arV f ^ � d I_T
p b dMi I X I1]SI XF^ K V � I ardMeYV RUnEt eYX[X R V|d njP dMe n kmb dMi IgI X[XYeY^\dMeqa fgP dja~iUe RcL aOV RUT e dje[V R T\I_n a K e p�I1T e R �oI a dje[V R 5Uu �cu Z uN V KgI65cP|f ^cX ISz e[kEdji I e R e dje P X ]SI X[V\aOe d b y}I X T e ngT e ]SI1KMLNIOR a Ir� k KMI1ISzJP|RUT � � � � � � e n e RUT\I ^ IOR}T\IOR d�VSk"dje fhISz
IOR kmV K are RcL dMi I T e ]SI1KMLNIOR a I arV R}n d KjP e R d �Un e RcL X IO]NI XF^ K V � I a dMeYV R}n arV KjKjI1n ^}V RUTcn dMV � e K eYa~iUX I d � V R XYb fgP d~a~ice RcL
kmV K dMi I ^ KjI1njnM�cKMI n VNX ]NISu X RxI���� e ]sP X I1R d n d P d IOfhIOR dwe n dji P dEdMi I1KMI e nER V n�I1RUnMI e Rlt iceqa~i	dji I � �Uf ^ e R dMi I
R V KMfgP X ]NI XYV\are[dMe I1n/2 � �

� 	�
 4 e n��1IOK V P d arV P|K~n�IO��y}RcI e R d I1K k P a ISu X R VSdMi I1K e nMnM�cI e n dMi P d ]SI XYV\are[d b KjI ' � 5 e RcL i PNn
f V T e y}I1T dji I aOV PSKjnMIr� X I1]SI X ]SI X[V\are[d b yUI X Tcn e RlP�K V t VSk a I XYX n V RcIr� a I X[X t e T\IhP|K V �URUT arV P|K~n�IO��yURUI e R d I1K k P a I_n
t e[dMi dji IQy}RcIOK X I1]SI X u.v iUe n"]SI X[V\are[d b tJPNn�R VSd"e R arX �UT\I_T e R dMi I arV P|K~n�IO� X IO]NI X{X IO]NI X ^ K V � I a dje[V R{z P|RUT	n V t eYX[X
a PS�UnMIwP ] eYVSX P dMeYV R V|k dMi I�T e ]NIOKjLSIOR a I arV R}n d KjP e R d u

X.X n V z djice n@n a~i IOfhI t eYX[X R V|d p}I k KMI1I1n d KjI1P|f ^ KjI1nMIOKj] e RcL}u X.X djicV �cL i tJI ^ K V � I ard dMi I�PST\]NI ardMeYV R
]SI X[V\aOe dje I_n ����� t e[dMi P|RhI1T\LNIr� a I1R d IOKjI1T ^ K V � I a dMeYV R � �oI ardMeYV R �cu P � z dji I ^ K V � I a dje[V RhtWI��}n�I e n P X n V pUPNn�I_T V R
X IO]SI XSVN^ I1KjP dMV K~n1z1P|R}T n V dji I aOV KjKMI a dMeYV R"yUI X T � P X n V T V I1n{R V|d njP dje n kmb�dji I I X[XYeY^\dMeqa fgP d~a~ice RcL arV RUT e[dMeYV R{u v ice n
fhI1PSRUn dMi P d t iceYX I dji I PST\]NI a dje[V R�]SI X[V\aOe dje I_n PSKMIJT e ]SIOKjLSI1R a IO� k KjIOI pUPSnMI1T V R@P X I1]SI X � VS^ IOK~P djV K T e n a KjI dje �_P dMeYV R z
dMi I b PSKMIER VSd LSIORUIOK~P XYX[b T e ]SI1KMLNIOR a Ir� k KMI1I"p}PSnMI1T V R arV f ^�V n e d I T e ]NIOKjLSI1R a I VS^ IOK~P djV K~nOu

X nQP�KjI1nM� X[d z I1KMK V K~n e R PNT\]SI a dje[V Rxt eYX[XWV\aOa �UKQP dQaOV P|K~nMIr� yURcI e R d I1K k P a I_nOu � ice[X I V �UKQPST\]NI ardMeYV R
n a~i IOfhI�t eYXYX p�I arV R}n�I1KM]�P dje ]NI�T\�cI dMV KMI ' � 5 e RcLUz e[d t eYXYX R V|d p�I k KMI1I1n d KjI1P|f ^ KjI1nMIOKj] e RULUuxv i I<KjI1nM� X[dMe RcL
IOKjK V K~n�t eYX[X p�I P ^c^ P|KjIOR dEe R dMi I IO] VSX � dMeYV R V|k P�n a P X P|K.yUI X T	t iceqa~ile n e R e dje P X[XYb	arV RUn d P|R d.dji K V �cL icV � dEdMi I
T V fhP e R u DWI a PS�Un�I VSk"dji I R V Rc� n VSX IOR VNe TUP X RUP d �cKjI VSk"dji I	PSTc]SI ardMeYV R ]SI X[V\are[d b yUI X T{z djice n�n a P X P|K_z t iceqa~i
n icV � X T fgP e R d P e R e[d n arV RUn d P|R d ]sP X �UI dji K V �cL icV � d e[d nJIO] VSX � dMeYV R{zot eYX[X p�IOL e R dMV n icV t IOKjK V K~nWP d aOV P|K~nMIr� yURcI
e R d IOK k P a I1n1zoPNn e d nMIOI_n dMi IwI � I ard n VSk XYV\a P X aOV R d K~P ardMeYV RUn P|R}T I65 ^ PSRUn e[V RUn V|k dji I R V R\� n VSX IOR VSe TcP X PST\]NI ardMeYV R
]SI X[V\aOe d b y}I X T�P d dMi I aOV P|K~nMIr� yURcI e R d I1K k P a I_nOuN V KEI65cP|f ^cX ISz aOV RUn e TcIOK dji I d t V � X IO]NI X a PSnMISu X njn��cfhI dMi P d P<n a P X P|K ' i PNn"P arV RUn d P|R d ]�P X �cI ' 
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t i I1KMI�� ��� e n dMi IQPNT\]SI a dje[V R�]NI XYV\are[d b z dji IQnM�cfhfgP dMeYV R e n V ]NIOK dMi I@nM�cp aOb\arX I1T�yURcIO� X IO]NI X dje fhI_n d I ^ n1z}PSRUT
dMi I � � T\I1R V|d I1n�P|R@P|K e dji fhI dMeqa Ps]SIOK~P|LNI V|kcdji I y}RcIr� X I1]SI X I_T\LSIO� a IOR d I1KMI_Tw]sP X �UI1n V R dji I arV PSKjnMIr� yURcI e R d I1K k P a INu
� e R a I dji I arV P|K~n�IO� LNK e Tg� ^ TcP d I i PNn)P X KMI_PST bg^ K V T\� a I1T dMi I arV KjKjI a d n VSX � dMeYV R z\tWI t V � X T X[e �SI dji I KMI ' � 5 e RcL
arV KMKjI ardMeYV R dMVQi Ps]SI�R V I � I ard u N V K dMi P d djVQi P ^c^ IOR{z �10 u �Q� � e f ^cX[e I1n dMi P d dji I aOV PSKjnMIr� LSK e T PSTc]SI ardMeYV Rh]SI X[V\a �
e[dMe I1n ����� + ( � � 	�
 f@�Un d I����UP XcdMi I"Ps]SI1KjPSLSI V|k dji I�y}RcIr� LSK e TgPNT\]SI a dje[V R ]NI XYV\are[dMe I1n �� ����� I�� � ��� + ( � � � � 	�
 � �
� V tJIO]NIOK_z p}I a PS�Un�I dji I arV P|K~n�IO��P|RUTxyURcIO� LNK e T PST\]NI a dje[V Rl]NI XYVoaOe dje I_n tJIOKjI aOV f ^ � d I1T �Un e RUL e RUT\I ^ I1RUT\I1R d
v P b�XYV K)I 5 d K~P ^�VSX P dMeYV R}nJPSRUT�n e RcL X IO� X IO]NI X I XYXYe[^\djeYa n VNX ]NI1n1z dMi I1KMI e n)R V LN�UP|K~P|R d I1I dMice n)t eYX[X p}I dji I a PNn�INu X n
P KjI1nM� X[d z tJIQI 5 ^ I ard"dji P dEdMi I@KjI ' � 5 e RcL VS^ IOK~P dMeYV R z�t iUe[X I e[dw^ KMI_n�I1KM]NI1n arV R}n�I1KM]�P dje[V R V|k 'Nz t eYX[X LSI1RcIOK~P d I
] e[VNX P dMeYV RUn VSkWk KjIOI_n d KMI_P|f ^ KjI1nMIOKj]�P dje[V R{z{P|RUT ' t e[XYX R VSd I����UP X ' 
 e R dji I a I XYX n e fhf I_T e P d I X[b PST���P a I1R dwdjV
dMi I aOV PSKjnMIr� yURcI e R d I1K k P a INu � R a I dMi I_n�IEIOKjK V K~n i Ps]NI"p�IOI1R<fgPNT\ISz dji I b t eYXYX dMi I1R<p�I�PST\]NI ard I1T dMi K V �UL icV � d
dMi I 'UV t z arV R d P|f e RUP dje RcL dji I�n VNX � dMeYV R e R�KjIOL eYV R}nJPst P b k K V f arV P|K~n�IO��y}RcI e R d I1K k P a I1n1u��R dMice nEt V K�� z}tWI PSTcT\KjI1njn dMi I_n�I e njn��UI1n"p b aOV RUn d Kj� a dje RUL<P f@� X[dMeYX I1]SI X ^ K V � I a dMeYV Rlt iceYa~ile nwP ^ �
^cXYe I_T	P d"dMi I@IORUT V|k I1P a~i	arV P|K~n�I dje fhI1n d I ^ z P k d IOK dji I KMI ' � 5 e RUL VS^ IOK~P dje[V RUn i Ps]NI�p}I1IOR ^ IOK kmV KjfhI1T u"v ice n
t eYX[X I1RUn��UKMI dMi P d�dMi I aOV f ^�V n e d IJ]NI XYV\are[d b yUI X ThnMP dMe n yUI_n�P aOV f ^�V n e d IJT e ]SI1KMLNIOR a I aOV RUn d K~P e R d u X�X n V z|tWI t eYX[X
e R d K V T\� a I�PgnM� ^c^cX IOfhIOR d P|K b PSTc]SI ard I_T ���UPSR dMe[d b dMVhd KjP a � k KjIOI_n d KMI_P|f � ^ KMI_n�I1KM]�P dje[V R IOKjK V K~nOu � I a PSR dMi I1R
�UnMI dMice n��N�}P|R dMe[d bgdMVharV f ^ � d I aOV KjKMI a dMeYV R}n djVQdji I PST\]NI a dje ]NI"]NI XYV\are[d b y}I X T djV fgP �SI dMi I n a~i IOfhIwP ^c^ K V 5o�
e fhP d I X[bhk KjIOI_n d KMI_P|f ^ KjI1nMIOKj] e RcL}u ��R 2 �#4 z dji I1nMI e njn��UI1n P|KjI.KjI1n VSX ]SI_Tg�Un e RcLhn V fhIOt i P d T e � IOKjIOR dJd I a~i R e ���cI_n��
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P arV f ^ P|K e n V R V|k dMi I d t V P X L V K e dji fgn t e[XYX p�I�T\I k I1KMKjI1T<�cR dMeYX �oI a dMeYV R 0 u PUu Z u
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� ?��.H
X n T\I_n a K e p}I_T e R dMi I ^ KMI1] eYV �}ngn�I a dMeYV R zWP RUP e ]NI�I 5 d IOR}n eYV R V|k"dMi I	P X L V K e dji f V|k DJIOKjLSIOKgPSRUT

,WVSX I XYX P djV�dMi I e R aOV f ^ KjI1njn e p X I��>� X IOK�I����UP dje[V RUn n�� � I1Kjn k K V f d t V nMIOK e[V �UnwtJI1P��oRcI_nMnMI1n1z{p V|dji n ^ K e RUL e RcL
k K V f dMi I k P a d�dji P d"dMi I@T e ]NIOKjLSI1R a I aOV RUn d K~P e R d�i PSn)p�IOI1RlP ^U^cX[e I1T V R	P X I1]SI X � p b � X IO]SI X pUPSn e nOz}KjP dMi I1K dMi PSR
e R<P aOV f ^�V n e d I"nMIORUnMISu4��R djice nJnMI ardMeYV R{zotJI"T\I_n a K e p�I dMi IEn d I ^ n d P��NIOR e R djice nWt V K�� dMV y%5 dMi I_n�I ^ K V p X IOfgn1u
� � � � � �
	 � I�	 	o� �
������	��������c��	��

� I�t V � X T XYe �NI V �UK aOV f ^�V n e d I<]NI XYVoaOe d b yUI X T � dMV nMP dMe n kmb dji I T e ]SIOKjLSI1R a I arV RUn d KjP e R d � �\u 0 
 �
pUPNn�I_T V RlP arV f ^}V n e[d I T e ]NIOKjLSI1R a I VN^ I1KjP dMV K1z�KjP dMi I1K dji P|R V RcI@pUPSnMI1T V R dji I X IO]NI X T e ]SIOKjLSI1R a I VS^ IOK~P dMV K
�UnMI1T e R dji I X I1]SI X{^ K V�� I ardMeYV RUn1u

X�k d I1K dMi IQn��Up aOboaOX I_T X I1]SI X n VNX ]NI1n1z dMi IQKMI_n�� X[dMe RcL aOV f ^}V n e[d I ]NI XYV\are[d b yUI X T�t eYX[X R V|d z e R�LSIORUIOK~P X z
njP dMe n kmb`dMi I	T e ]NIOKjLSIOR a I arV R}n d KjP e R d pUPSnMI1T V R arV f ^}V n e[d I VS^ IOK~P djV K~nOzWIO]NIOR dMicV �cL i tWI ^ IOK kmV KjfhI1T X I1]SI X
^ K V�� I a dMeYV R}n V R dji I.]NI XYVoaOe d b yUI X TgT\�UK e RcL�I_P a~igX IO]SI X n VSX ]SINu v ice n e n dji I"njP|fhI�I � I a d n�I1IOR e R �oI ardMeYV R 5Uu �cu Z u
� iceYX I tJI �UnMI1T ^ KjI1njn��UKMI e R kmV KjfhP dMeYV R k K V f aOV P|K~nMIOK X I1]SI X n�PNn)P@p V �URUTcP|K b�aOV RUT e[dMeYV R kmV K dMi IwyURUIOK�LNK e Tcn1z
dMiUe nEKjI ^ KjI1nMIOR d n V R XYb P � e K eqa~icX I d p V �cRUTcPSK b arV RUT e[dMeYV R kmV K dMi I ^ KjI1njn��cKjI�� ��I1�cfgP|RcRxfhP dja~ice RcL i PSn"R VSd
p�IOIORxIOR kmV K a I1T u � R a I@P|LNP e R z dji I@n VSX � dMeYV R V R dji IQy}RcIOK X I1]SI X n i PSn"n�I1IOR dji I@I � I a dwV|kFdji I aOV P|K~nMIOK�LNK e Tcn1z
pc� d)dji I arV P|K~n�IO� X IO]NI X�^ KjI1njn��cKjI"yUI X T i PSn R VSd n�I1IOR dMi I I � I a d�VSk dji IwyURcI1K X I1]SI X n1u��R PSTcT e dje[V R{z dji I KMI ' � 5 e RUL VS^ IOK~P dje[V R kmV K"]SI XYV\are[d b�i PSnEP X[d I1KMI_T dMi I arV P|K~n�IO� X IO]NI X ]SI X[V\aOe d b yUI X T z
PSTUT e RULwP nMI d>VSk ]NI XYVoaOe dje I_n dMV PwK e RUL VSk�aOV P|K~nMI a I XYX n V RcI a I X[X t e T\I�PSK V �cRUT dMi I ^ K V�� I a dje[V R VSk}dji I yURcI)LNK e Tcn1u
v ice n>PSTUT\I1T ]SI X[V\aOe d b y}I X T@t PSn�RUIO]SI1K ^ K V�� I ard I_T P d P XYX z�P|RUThn V P aOV KjKMI a dje[V RQfQ�}n d p�I�fgPST\I djV IORUnM�cKjI dMi P d



��������������������	������������
���������������	��
������������	���	� Z 5 Z
dMi I"KjI ' � 5oI_Tg]SI X[V\aOe dje I_nWT V R V|d)a PS�UnMI dMi I aOV f ^}V n e[d I"]SI X[V\are[d b yUI X T djV ] eYVSX P d I dMi IwT e ]SI1KMLNIOR a I arV RUn d KjP e R d u

v V arV KMKjI ard kmV K dMi I_n�I ^ K V p X I1fhn1z|tJI)t e[XYX T\IOyURcI)P arV f ^}V n e[d I ^ K V�� I a dMeYV R z|t iceqa~i t eYX[X p}I)pUPNn�I_T V R
arV f ^}V n e[d I VN^ I1KjP dMV Kjn�PSRUT�t eYX[X p}I P ^c^UX[e I1T djVgdMi I arV f ^}V n e[d I�f@� X[dMeYX I1]SI X ]SI X[V\aOe d b yUI X T u"v iUe n ^ K V � I ardMeYV R
t eYX[X p�I"P ^U^cX[e I1T<T\�cK e RUL dMi I"n b R a~i K V R e �1P dje[V R n d I ^ z\P k d IOK dMi I"KjI ' � 5 e RcL VN^ I1KjP dMeYV RUn i Ps]SI"p}I1IOR ^ IOK kmV KjfhI1T �
kmV K djice n)KMI_PSn V R{zotJIwt e[XYX a P X[X djice n)fQ� X[dMeYX IO]SI X{^ K V�� I a dMeYV R dMi I �����  ������ ��������� � � � � ����� �! � � � �

� iUe[X I	tJI i Ps]SI P X KjI1PNT b T\IOyURcI_T dMi I a I XYX � a I1R d IOKjI1T O P ^cX P are P|R VN^ I1KjP dMV KgtJI t eYX[X �Un�I e R djice n
t V K�� e R �oI a dMeYV R 5cu Z u��\z)tJIlt eYX[X RcI1I1T djV T\IOyURcI arV f ^�V n e d IxPSRUP XYV L�n V|k�dji Ixn e RcL X Ir� X I1]SI X"a I X[X � a IOR d IOKjI1T6 	�	 P|RUT � 	�	 VN^ I1KjP dMV K~n T\IOyURcI_T e R �oI a dMeYV R �\u � u��\u � IlI 5 ^ I a d�dMi P d�dMi I b t eYX[X p}I n e f eYX PSK djV dMi I
a I X[X � a IOR d IOKjI1T X IO]SI XWVN^ I1KjP dMV Kjn@T\IryURUI1T e R �oI a dje[V R 0 u��\u�� � t iUeYa~i P X KMI_PST b arV R d P e R arV P|K~n�IO��y}RcIgp V �cRUTcPSK b
arV RUT e[dMeYV RUn.t e dji	arV P|K~n�I1K X I1]SI X n � zUt e[dMi�dji IQPNTcT e[dMeYV R V|k>aOV P|K~nMIr� yURcIwp V �cRUTcPSK b�arV RUT e[dMeYV RUn e R dji I kmV Kjf V|k
fgP d~a~ice RUL arV R}T e dje[V RUn t e[dMi P�y}RcIOK X IO]NI X z e[k)e d I65 e n d n1u X n e R �oI ardMeYV RG5Uu Z u �cz tJI P X n V I65 ^ I ard�dMi P d Pst P b
k K V f aOV P|K~nMIr� yURcI e R d I1K k P a I1n1z dji I arV f ^�V n e[d I VS^ IOK~P dMV KgT e n a KjI dje �_P dje[V RUn t e[XYX KMI_T\� a I djVxdji I	P ^U^ K VN^ K e P d I
n e RcL X IO� X IO]NI X�a I XYX � a IOR d I1KMI_T T e n a KMI dMe �1P dje[V R{u �xI P X n V I65 ^ I a dJdMi P d T\IryUR e dje[V R V|k dMi I a I X[X � a IOR d I1KMI_T VS^ IOK~P djV K~n6 	�	 P|RUT � 	�	 PSn.I1T\LNIr� a I1R d IOKjI1T VS^ IOK~P djV K~n)t e[dMi P ^c^ K VS^ K e P d I a I XYX � dMV � I_T\LSI�PSRUT I_T\LSIO� djV � a I XYX Ps]NIOK~P|L e RcL
� I����UP dje[V RUn � �cu P�� � P|RUT � �cu PQ5 �h� t eYX[X�^ K V ]NI<�UnMI k � X z)n e R a I�tWI i Ps]NI�P X KjI1PNT b T\IOyURcI1T aOV f ^}V n e[d I - X., �
a I1R d IOKjI1T�T e ]SI1KMLNIOR a IEPSRUT�LSK~PST e IOR d VS^ IOK~P dMV Kjn e R �\I a dje[V RM5cu Z u��\u
� � S � � � � U*� � ��� �  � ��� ���

��R �\I a dje[V R&5cu Z u��\z|tJI.T\IOyURcI1TgP aOV f ^�V n e d I)I1T\LNIr� a IOR d IOKjI1T T e ]NIOKjLSI1R a I VS^ IOK~P djV K_u � �cK aOV f ^�V n e d I
a I X[X � a IOR d IOKjI1T�T e ]NIOKjLSI1R a I VS^ IOK~P djV K)t eYX[X p}I�n e f eYX P|K_u X t P bgk K V f dMi I aOV PSKjnMIr� yURcI e R d IOK k P a ISzUPNn �Un��}P X z dMi I
T e ]SI1KMLNIOR a I)t e[XYX p�I dMi I.R V KMfgP X}a I XYX � a IOR d I1KMI_T 6 	�	 + (>VS^ IOK~P dMV K V|k � �\u PQ� � u � V z V R dMi I�yURcI�LNK e T zNPst P b k K V f
dMi I arV PSKjnMIr� yURcI e R d IOK k P a ISz 6 	�	 + ��&('*) � ! 6 	�	 + +�� ��� � +�� ��� � �10 u��)5 �
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� R dMi I aOV P|K~nMI"LNK e T<Pst P bhk K V f dji I e R d IOK k P a INz

6 	�	 + ��&('*) � ! 6 	�	 + � *�� � � � *�� � � �10 u�� 0 �
� I t eYX[X V R a I P|L�P e R�RcI1I1T dMV T\IOyURcI Phn ^ I aOe P X{arV f ^�V n e[d I VS^ IOK~P djV K t i IOKjIO]NIOK dMi I�n d I1R areYX V|k dMi I

R V KMfgP X arV PSKjnMI V K.yURcIQT e ]NIOKjLSIOR a I a K V njnMI1n�P aOV PSKjnMIr� yURcI e R d IOK k P a ISu X n"n�I1IOR e R � �cu P�� � z dMi I a I X[X � a IOR d IOKjI1T
T e ]SI1KMLNIOR a I VS^ IOK~P djV K a P|R<p}IwT\IOyURcI1T<PSn P|R<I1T\LNIr� a I1R d IOKjI1TgT e ]SI1KMLNIOR a I � �\u �\Z_� V|k I_T\LSIO� a IOR d I1KMI_Tg]SI X[V\aOe dje I_n
a KjI1P d I_Tgp b Ps]SIOK~P|L e RUL a I XYX � a IOR d I1KMI_Tg]SI X[V\are[dMe I1n dMV I1TcLSI1n1u XJd aOV PSKjnMIr� yURcI e R d I1K k P a I1n1zotWI"t e[XYX{arV f ^ � d I dMi I
yURcIO� X IO]NI X I_T\LSIO� a IOR d I1KMI_T ]SI XYV\are[dMe I1nFp b �Un e RcL XYe RcI1PSK>I65 d K~P ^�VSX P dje[V R djVQarV f ^ � d I a I XYX � a IOR d I1KMI_T@]NI XYV\are[dMe I1n e R
L iUV n d.a I XYX n�n��UKMK V �cR}T e RUL dji I yURUI�LSK e T{zUP|RUT dji IOR �Un e RcL dMi I_n�IQ]sP X �UI1n e R dMi IQn d PSRUTcPSKjT ! � 	 � 	 VS^ IOK~P dMV K
V|k � �cu P Z_� u �xI t eYXYX dMi I1R T\IOyURcI dji I P ^c^ K VS^ K e P d I arV P|K~n�IO� X IO]NI X I1T\LNIr� a I1R d IOKjI1T`]NI XYV\are[d b`V R dMi I arV P|K~n�IO�
yURcI e R d IOK k P a I�I1TcLSI�PSn dMi I�P|K e dji fhI djeYa Ps]SI1KjPSLSI V|k)dji I�I1T\LNIr� a I1R d IOKjI1T ]NI XYVoaOe dje I_nQ�}n�I_T dMV arV f ^ � d I dMi I
T e ]SI1KMLNIOR a I1n V R dMi Iwy}RcI�n e T\I V|k dMi I arV PSKjnMIr� yURcI e R d IOK k P a ISu

� V z V R dji IwyURcI�n e TcI VSk dji I arV P|K~n�IO��y}RcI e R d IOK k P a ISz
6 	�	 + ��&�'*) + 	�
 � ! 6 +�� � � � � � ��� � + +�� � � � �10 u�� �N�

� � ��� � + + � ��� ! ! � 	 � 	 � +�� ���

t i I1KMIhL iUV n d � a I XYX ]sP X �UI1n kmV K�� +�� � � P X[V RcL dji I arV P|K~n�IO��yURUI e R d IOK k P a IhPSKMI arV f ^ � d I_Tl�}n e RcL X[e RcI_P|KwI65 d K~P ^ �
VSX P dje[V R VSk>dMi I e R d IOK eYV KE]sP X �UI1n V|k � +�� ��� z kmV K aOV RUn e n d I1R arb t e[dMixdMi I X IO]NI X � VN^ I1KjP dMV K"T e ]SI1KMLNIOR a I VS^ IOK~P djV K_u
� R dMi I aOV P|K~nMIEn e TcI V|k dji I arV P|K~n�IO��y}RcI e R d I1K k P a ISz

6 	�	 + ��&('*) + 	�
 � ! 6 � *�� � � � � ��� � + � *�� � � �10 u��)P �
� � ��� � + � *�� � ! + � � � ��� � + +�� � � � V R � - + � ���

! � 	 � 	 � � *�� � I X n�I1t i IOKjISu
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� IQT\IOyURcI_T	P arV f ^}V n e[d I I_T\LSIO� a IOR d I1KMI_T<LNKjPNT e IOR d�VS^ IOK~P djV K e R �oI ardMeYV R 5cu Z u�� t i I1R tWIQTcIryURcI_T
dMi I�� ' � 5\I1n�� e R dMi I arV f ^�V n e[d I O P ^cX P aOe PSR VS^ IOK~P djV K_u �xI<t e[XYX �Un�I dMice n T\IryUR e dje[V R{z>P XYV RcLlt e dji � �cu PQ5 � z
dMV�arV RUn d KM� a d"V �cK arV f ^�V n e d I a I XYX � a I1R d IOKjI1T�LNKjPNT e I1R d.VS^ IOK~P djV K_u � e R a I f V n d"VSkFdMi I LSK~PST e IOR d n�tJIQt eYX[X p�I
arV f ^ � dMe RcLgt eYX[X p}I VSk ���UP|R dje dje I_n X[e �SI ^ KjI1njnM�cKMINzot iceYa~i PSKMI T\IOyURcI1T�p b n VSX ] e RcLgPSR<I X[XYe[^cdMeqa I����UP dMeYV R{z djice n
e n"P ^c^ K VS^ K e P d INu � V tJIO]NIOK_zUtJIQt eYX[X RcI1I1T djV P X d IOK dMi I VS^ IOK~P djV K V R dMi I aOV P|K~nMIQn e T\I V|kFdMi I e R d IOK k P a I@T\�UI
dMV dji I�n d KM� a d �UKMI VSk fgP|R b VSk dji IwyUI X Tcn djV t iceYa~i tJIEt eYXYX P ^c^UX[b�dMi I LNKjPNT e I1R dJVN^ I1KjP dMV K_u

� I�t eYXYX �UnMI dji I�I_T\LSIO� a IOR d I1KMI_T arV f ^�V n e d I LSK~PST e I1R d � ��&�'*) T\IryURUI1T e R3�oI a dMeYV RG5Uu Z u �cz�t i IOKjI
���UPSTcKjP dMeqaQarV P|K~n�IO��y}RcI e R d IOK ^}VNX P dMeYV R{z P XYV RUL�t e[dMi ' � 5o� fgP d~a~ice RcLUz tJIOKjIQ�UnMI1T djV TcIryURcI dMi I@LNKjPNT e I1R d"VS^ �
IOK~P djV K)P d�aOV P|K~nMIr� yURcI e R d I1K k P a I_nOu�� I KMI e d IOK~P d I i I1KMI kmV K arV f ^cX I d IORcI_nMn1u

X tJP bhk K V f arV PSKjnMIr� yURcI e R d IOK k P a I_nOz dji I arV f ^�V n e[d IELSK~PST e IOR d e n)n e f ^cXYbgdji I arV P|K~n�IO� V KWy}RcIr� X I1]SI X
I1TcLSIr� a I1R d IOKjI1T�LSK~PST e IOR d)V|k � �cu � � � �

� ��&�'*) � ��&�'*) ! + � � *�� � � � *�� � V R -/� *�� �
� +�� � � � + � ��� V R - +�� ��� �10 u���[ �

� + � ��� ! � � � + � ��� 3 � � *�� � � V R � - (
� R dji I arV P|K~n�IO��y}RcI e R d I1K k P a ISz_tJI>T\IryURUI dMi I�y}RcI>I1TcLSIr� a I1R d IOKjI1T"LSK~PST e I1R d n p b �Un e RUL dMi I����UPNT\K~P dMeqa

arV P|K~n�IO��y}RcI e R d IOK ^}VNX P dMeYV R VN^ I1KjP dMV K k K V f �oI ardMeYV R15Uu Z u � dMV T\IryURUIWL icV n d � a I X[X ]�P X �cI1n kmV K � P XYV RUL dMi I arV P|K~n�IO�
yURcI e R d I1K k P a ISz}P|RUT dMi I1R �Un e RcL dji I�R V KMfgP X yURUIr� X I1]SI X�� VN^ I1KjP dMV K djV arV f ^ � d I dMi I I1T\LNIr� a IOR d IOKjI1T<LSK~PST e �
IOR d nOuQv i I aOV P|K~nMIr� X I1]SI X ]sP X �UI1n kmV K dMi I@LNKjPNT e I1R d P XYV RUL dMi I aOV PSKjnMIr� yURcI e R d I1K k P a I t e[XYX p}IgT\IOyURcI1TxPSn dMi I
P|K e[dMi fhI djeYa Ps]NIOK~P|LNI V|k dMi Iwy}RcIr� X I1]SI X LSK~PST e IOR d nJt iceqa~i�V ]SIOK XYe I dMi I aOV PSKjnMI"I_T\LSINu

� I a PSR dMi I1R�Ps]NIOK~P|LNI dMiUe n)I_T\LSIO� a IOR d I1KMI_T aOV f ^}V n e[d I LNKjPNT e IOR dWdjV a I X[X{a IOR d I1Kjn djV T\IryURUI�P a I XYX �
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Typical Synchronization Correction Field

Corr
C-F interface

Corr

x
-7.00

-6.50

-6.00

-5.50

-5.00

-4.50

-4.00

-3.50

-3.00

-2.50

-2.00

-1.50

0.00 5.00 10.00 15.00

��� � �� �"!���� ��� 79- %(< .	) ? 7 '�< 59, 3*'/%�� .10 %(3*' <=3 , ,2+ < 0 %(3*'��/<;3 , , �	� %(' + �	, % � %@? 0 3 025/+6, % �>5&0 3 � 025/+ <=3 .1, ? + � ��' + %(' 02+;, � . < +��

a I1R d IOKjI1T arV f ^�V n e d I LNKjPNT e I1R d VS^ IOK~P djV K � 	�	 + ��&�'*)�z|PNn e R � �\u P 5 � zst iceqa~iQe n KjI ^ I1P d I1T i IOKjI kmV K aOV Ro]SI1R e IOR a I �
� 	�	 + ��&�'*) � ! ! �
	�� 	 � ��&�'*) � 3 �10 u�� P��

��R ^ K~P a djeYa ISz dji I V R XYb ^cX P a IxtWIxt e[XYX P a d �UP XYXYb P ^c^cXYb dMi I arV f ^�V n e[d I a I XYX � a I1R d IOKjI1T LNKjPNT e IOR d
VS^ IOK~P djV K t eYX[X p�I�T\�cK e RUL n b R a~i K V R e �1P dMeYV R VN^ I1KjP dMeYV RUn1u � ice[X I dMi I�T e n a KjI dje �_P dje[V R V|k dMi I�n b R a~i K V R e �1P dMeYV R
^ K V�� I a dMeYV R t e[XYX p}I`T e n a �Unjn�I_T e R dji I RcI65 d n�I a dje[V R{z dji I`n d KM� ard �cKjI V|k�dji I KMI_n�� X[dMe RcL arV KjKjI a dje[V R yUI X Tcn
RcI a I1njn e d P d I_T Plf V T e y a P dMeYV R dMVxdMi I T\IOyUR e[dMeYV R V|k�dji I�LSK~PST e IOR d@VN^ I1KjP dMV K1u ��R f V n dha PNn�I_nOz dji I�n V �cK a I
d I1KMfgn kmV K dji I n b R a~i K V R e �1P dMeYV R ^ K V � I a dje[V RlP|KjI ^ K e fgP|K e[XYb e R P<nMI dwV|k a I X[X n V RcI a I X[X t e T\I V R dji I arV PSKjnMI
n e T\I VSk dji I arV P|K~n�IO��y}RcI e R d IOK k P a ISz e R�I1njn�I1R a I P�� � k �cR ardMeYV R e R dji I�T e KMI a dje[V R<R V KMfgP X dMVhdMi I e R d I1K k P a INu X
� � k �cR ardMeYV R�n V �cK a I"T e n d K e pc� dMeYV R dMV � VSe nMn V R�
 n>I����UP dje[V R e f ^cXYe I1n)PQn VSX � dje[V R�t iceqa~i zcP X[dMiUV �cL i�arV R dje Ro� V �Un1z
i PNn>P�T e n aOV R dMe Ro� e[d bQe R dMi I)y}Kjn d T\I1K e ]�P dMe ]SI � �oIOI N e LS�UKMI 0 u [ � u4��R dMice n a PSnMISz arV f ^ � dMe RcL dMi I"I1T\LNIr� a I1R d IOKjI1T
LSK~PST e I1R d n �Un e RcL � ��&('	)xPSRUT dMi I1R Ps]NIOK~P|L e RcL dMV ^ K V Tc� a I P a I XYX � a IOR d I1KMI_T LNKjPNT e I1R d t eYX[X t PSn i V � dgdMi I



��������������������	������������
���������������	��
������������	���	� Z 5 �
n d Kj� a d �cKMI VSk}dji I)LSK~PST e I1R d yUI X ThRUI1P|K dji I e R d IOK k P a I p}I a P|�}n�I dji I.n d K V RcL X[b�^�V n e[dMe ]SI)P|RUT RcI1LNP dMe ]SI)LSK~PST e I1R d n
V R I e dji IOK�n e T\I VSkEdji IxT e n arV R dje Ro� e[d b t eYXYX"a PSR a I X u�v i Ixn VNX � dje[V R dMV`djice n ^ K V p X IOf e n dMV aOV f ^ � d I dMi I
T\I1K e ]�P dMe ]SI e R�P V RcIO� n e TcI1T t P b k K V f dMi I arV P|K~n�IEn e T\I V|k{dji I arV P|K~n�IO��yURUI e R d IOK k P a IwP|R}T �UnMI djice n V RcIO� n e TcI1T
LSK~PST e I1R dQkmV K dMi I arV P|K~n�I a I XYX e fhfhI1T e P d I XYb PST � P a I1R d@dMVldMi I arV P|K~n�IO��y}RcI e R d IOK k P a INu v iUe n ^ KjI1nMIOKj]SI_n dMi I
n d Kj� a d �cKMI VSk dji I arV KMKjI ardMeYV R<P a K V njn dji I arV P|K~n�IO��y}RcI e R d I1K k P a ISu

� V z e R KjIOL eYV R}n V|k.dMi I�yURcI�LSK e T Pst P b	k K V f dji I aOV PSKjnMIr� yURcI e R d I1K k P a ISzFtJI aOV f ^ � d I dji I a I XYX �
a I1R d IOKjI1T<LSK~PST e I1R d yUI X Tcn.P aOaOV K~T e RcL djV � �\u P 5 � �

� 	�	 + ��&('*) � ��&('	) ! � 	�	 + +�� ��� � +�� ��� V R - # % & � �10 u�� � �
� R dMi I aOV P|K~nMI"LNK e T<Pst P bhk K V f dji IwyURcI LNK e T z\tJI XYe �SIOt e nMIE�}n�I dMi I�n d P|RUTcPSKjT arV P|K~n�IET e n a KMI dMe �1P dje[V R �

� 	�	 + ��&�'*) � ��&('*) ! � 	�	 + � *�� � � � *�� � V R -������)& � �10 u 5 
 �
� R dMi IJyURcI)n e TcI VSkUdji I arV PSKjnMIr� yURcI e R d IOK k P a INz�tWIJyUK~n d �}n�I dMi I ���UPNT\K~P dMeqaWe R d I1K ^�VSX P dje[V R VN^ I1KjP dMV K � �\I a dje[V R5cu Z u�� � dMVharV f ^ � d I a I XYX � a I1R d IOKjI1T y}RcIr� LSK e T L icV n d � a I XYX ]�P X �cI1n1uFv i IOR z kmVNX[XYV t e RcL � �cu PQ5 � zNtJI aOV f ^ � d I"I_T\LSIO�
a I1R d IOKjI1T<LSK~PST e I1R d nOzot iceqa~i P|KjI dji IOR Ps]NIOK~P|LSI_T dMV a I XYX � a I1R d IOK~n �

� 	�	 + ��&('*) � ��&('	) ! � 	�	 + +�� ��� � +�� ��� �10 u 5 Zs�
� +�� ��� ! � � � +�� � � 3 � � *�� � � V R � - # % &

� R dMi I arV P|K~n�I"n e T\I V|k dMi I aOV PSKjnMIr� yURcI e R d I1K k P a ISz�tJI"t eYX[X �UnMI XYe RcI1PSKWI 5 d KjP ^}VNX P dMeYV R VSk{dMi I"I_T\LSIO�
a I1R d IOKjI1TlLSK~PST e IOR d n djV<^ K V ] e TcI@P|RxI1T\LNIr� a I1R d IOKjI1T LNKjPNT e IOR d"V R dMi I aOV P|K~nMIr� yURcI e R d I1K k P a ISu N V KEI65cP|f ^cX ISz
e[kJdji I arV P|K~n�IO��y}RcI e R d I1K k P a I e n XYVoa P d I1T P d�dji I �)( � �� 3 K � I1T\LNI � nMIOI N e LS�cKjI 0 u PN� z dMi IOR tWI aOV f ^ � d I dMi I
a I X[X � a IOR d IOKjI1T<LSK~PST e IOR d P d�arV P|K~n�I a I X[X � ( 3LK � PSn kmVSXYXYV t�n �

� � � ��� � + � *�� � � � � - *� + , ! � � � � ��� � + � *�� � � � � � *� + , � � � � ��� � + � *�� � � � � ���� + , �10 u 5Q� �
� � 	�	 + ��&('	) � � � + , ! ! �
	�� 	 � � � ��� � + � *�� � � � �
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Max(div) vs. # of Projection Applications
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Max(Grad(phi)) vs. # of Projection Applications
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AMR

Physics-based 
Amr Level Class

Generic Amr Level
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